We investigate some generalized metric space properties on paratopological (semitopological) groups and prove that a paratopological group that is quasi-metrizable by a left continuous, left-invariant quasi-metric is a topological group and give a negative answer to Ravsky's question (Ravsky, 2001 [18, Question 3.1]). It is also shown that an uncountable paratopological group that is a closed image of a separable, locally compact metric space is a topological group. Finally, we discuss Hausdorff compactification of paratopological (semitopological) groups, give an affirmative answer to Lin and Shen's question (Lin and Shen, 2011 [14, Question 6.9]) and improve an Arhangel'skii and Choban's theorem. Some questions are posed.
Introduction
All spaces are regular T 1 unless stated otherwise. N denotes the set of all natural numbers. e denotes the neutral element of a group. Reader may refer to [10, 11] for notations and terminology not explicitly given here. R, Q, N are real numbers, rational numbers and natural numbers, respectively.
We investigate some generalized metric space properties on paratopological (semitopological) groups and when a paratopological group is a topological group. It was proved that a left-invariant symmetric paratopological group is metrizable [16, Theorem 2.1], we further show that a left-invariant symmetric paratopological group is a topological group. We also consider the following questions: We prove that a regular T 1 paratopological group quasi-metrizable by a left continuous, left-invariant quasi-metric is a topological group, hence it gives a partial negative answer to Question 1.1 since the Sorgenfrey line is a first-countable Tikhonov paratopological group but not a topological group. We prove that an uncountable paratopological group that is a closed image of a separable, locally compact metric space is a topological group. Finally we discuss remainders of Hausdorff compactification of paratopological (semitopological) groups and answer Question 1.2 affirmatively and improve a result of Arhangel'skii and Choban [5, Theorem 7.3] : "Let G be a non-locally compact, semitopological group, if the remainder Y = bG \ G is separable metrizable. Then G and bG are separable and metrizable" by replacing "Y = bG \ G is separable metrizable" with "Y = bG \ G is metrizable".
When a paratopological group is metrizable
Recall that a paratopological group (semitopological group) [6] is a group with a topology such that the multiplication is jointly continuous (separately continuous).
Let X be a topological space, d : X × X → R + be a function. Consider the following conditions. For each x, y, z ∈ X
If d satisfies (1) and (3) then it is called a quasi-metric [11] . If the function d satisfies (1) and (2) then it is called a symmetric. A topological space X is said to be quasi-metrizable [11] if there is a quasi-metric on X such that {B(x, ε): ε > 0} forms a local base at each x ∈ X , where B(x, ε) = {y ∈ X: d(x, y) < ε}. The notion of symmetrizable is defined similarly. 
A quasi-metric d(x, y) is called continuous if d(x, y) is continuous with respect to both x, y; d(x, y) is left continuous if
For (4), let G be the quasi-metrizable paratopological group with respect to a separately continuous left-invariant quasi-
Let U be open. We prove that U −1 is open. Since G is a sequential space, it is sufficient to prove U −1 is sequential open.
The inverse operation on G is continuous, hence G is a topological group. Since a symmetrizable space is weakly firstcountable, a weakly first-countable paratopological group is first-countable [17] and it is well known that a first-countable topological group is metrizable, then G is metrizable. 2
Remark. The condition "left-invariant" in Theorem 2.1(3) is essential: Let S be the Sorgenfrey line, S is a first-countable paratopological group, Q ⊂ S with subspace topology is second countable, hence it is metrizable. But (Q, +) is not a topological group. The following example shows that "paratopological group" in Theorem 2.1(3) could not be replaced by "semitopological group". Example 2.1. There is a quasitopological group 1 G with a left-invariant symmetric but is not a topological group.
It is easy to check that d(x, y) is left-invariant symmetric and (G, +) is a quasitopological group. But G is not a topological group. 2
It is well known that a first-countable topological group is metrizable and a symmetrizable semitopological group need not be first-countable, the following question is somehow interesting. Question 2.1. Is a regular symmetrizable paratopological group metrizable?
From Theorem 2.1, we have the following.
Corollary 2.1. ([16]) A symmetrizable paratopological group with respect to the left-invariant symmetric d is metrizable.
Remark. Ravsky asked the question [18, Question 3.1]: "Is every first-countable Tikhonov paratopological group quasimetrizable by a continuous left-invariant quasi-metric?" The answer to the question is negative: The Sorgenfrey line is a first-countable Tikhonov paratopological group, it is quasi-metrizable with respect to a left-invariant quasi-metric. In fact,
By Theorem 2.1, the Sorgenfrey line cannot be quasi-metrizable by a continuous left-invariant quasi-metric since it is not topological group.
A space is called an α 4 -space if for every countable family {S n : n ∈ N} of sequences converging to some point x ∈ X there exists a sequence S converging to x such that S n ∩ S = ∅ for infinitely many n. It is obvious that an α 4 space contains no closed copy of S ω and a strongly Fréchet space 2 is an α 4 . Tanaka [19] gave a relationship between Fréchet-Urysohn spaces and strongly Fréchet spaces: A Fréchet-Urysohn space is a strongly Fréchet space if and only if it contains no closed copy of S ω .
Next we discuss Nyikos' question [17] .
Question 2.2. Is every Fréchet-Urysohn paratopological group an α 4 -space?
The following proposition gives another description of Nyikos' question. Proof. By Tanaka's theorem, we only need to prove that G is Fréchet-Urysohn. Let A be a subset of G, S( A) = {x ∈ G: x is a limit point of some sequence of A}. Suppose G is not Fréchet-Urysohn, there is a subset A ⊂ G such that x ∈ S(S( A)) \ S( A). Without loss of generality, we assume that x = e. Let {x n : n ∈ N} ⊂ S( A) with x n → e and let {x i (n): i ∈ N} ⊂ A with Proof. We introduce a new product operation in the topological space G by the formula: a × b = ba, for a, b ∈ G and denote the space with this operation by
By [6, Proposition 2.9], H is a paratopological group and T is closed in the space G × H and is a topological group.
G is a closed image of a separable, locally compact metric space, then G is a Fréchet-Urysohn space with a countable k-network 5 [11, Theorem 11.3] P consisting of compact subsets and G has weak topology with respect to P (i.e. a subset A ⊂ G is closed if and only if A ∩ P is closed in P for each P ∈ P). G is a k ω -space. G × H is a k-space with a countable k-network [11, Theorem 11.2], then G × H is a sequential space since a compact subset of G × H is metrizable. Hence T is a sequential topological group with a countable k-network. Since T is Lindelöf and |T | = |G| > ω, then T is not discrete. There is a non-trivial sequence {(g n , g −1 n ): n ∈ N} converging to (e, e), it means that there exists a sequence C 0 = {g n : n ∈ N} ⊂ G converging to e and its inverse C 1 = {g −1 n : n ∈ N} also converges to e. Since a closed image of a separable metric space is a pseudo-open s-image of space with a point-countable base, by Lemma 2.2, there is a countable π -base G at e such that each element of G contains C 0 but infinitely many x n . 
G is first-countable, by [6, Proposition 2.13], G is separable and metrizable. 2
Compactification of paratopological groups
Recently, Arhangel'skii [2, 3] has investigated how topological properties in the remainder of a Hausdorff compactification of a topological group affect the topological properties of the group. Many interesting results have been obtained. The remainders of paratopological (semitopological) groups also were discussed by Arhangel'skii and Choban [5] , Lin and Shen [14] . In this section, we give an affirmative answer to Lin and Shen's question and improve a result of Arhangel'skii and Choban'. 
Lemma 3.1. ([2, Theorem 2.1]) If X is a Lindelöf p-space, then any remainder of X is a Lindelöf p-space.

Lemma 3.2. ([3]) Let G be a non-locally compact topological group, if the remainder
This is a contradiction. Hence, Y is nowhere locally countably compact.
Y is nowhere countably compact. There exists an infinite countable set A = {a n : n ∈ N} such that A does not have cluster point in Y . bG is compact, then A has a cluster point d in G. Fix n ∈ N, by induction, choose {V k (n): k ∈ N} be a countable local base at a n and open subsets {U k (n): Claim. {c · W : c ∈ {c 
is an open neighborhood of d and contains infinitely many
W k (n). d is a cluster point of the set {c k (n): c k (n) ∈ W k (n) ⊂ d · V 1 }. {d} ∪ {c k (n): c k (n) ∈ W k (n) ⊂ d · V 1 } ⊂ B 1 , there is a sequence {c i : i ∈ N} ⊂ {c k (n): c k (n) ∈ W k (n) ⊂ d · V 1 } converging to d. Since G is k-gentle, c −1 i → d −1 ∈ d −1 · V 1 , c i ∈ W k i (n i ) for some k i , n i . Then e ∈ c −1 i · W k i (n i ) ⊂ d −1 V 1 dV 1 ⊂ V · V ⊂ U . G is first-
